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Strongly dipolar fluids at low densities compared to living polymers
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We carried out extensive canonical Monte Carlo~MC! simulations of the dipolar hard-sphere~DHS! fluid,
with N51024 particles at fixed reduced densityr* 50.05, in order to investigate the chainlike structure that
occurs at low densities, for sufficiently large reduced dipole momentsm* . The dissociation and recombination
of chains during equilibrium runs suggest an analogy between the DHS’s and a system of living polymers. This
was checked quantitatively by comparing the results of the simulations with those of a theory for living
polymers taking into account the indistinguishability of the particles in self-assembled chains. Quantitative
agreement between theoretical and simulated mean chain lengths and number of monomers, was found for
particular choices of the parameters used in the working definition of the MC chains.
@S1063-651X~99!05704-9#

PACS number~s!: 61.20.Gy, 61.20.Qg, 61.41.1e
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I. INTRODUCTION

In recent years there has been renewed interest in
thermodynamic and structural properties of dipolar flu
models, hard~DHS! or soft spheres with an embedded po
dipole. Numerical simulations revealed an entirely new
havior, not predicted by existing theories: formation
chainlike structures for strongly dipolar fluids~with @1–3# or
without @4,5# an applied magnetic field! at low densities,
appearance of a ferromagnetically ordered fluid phase@6,7#
and absence of liquid-vapor condensation unless exte
magnetic fields @1,3# or isotropic interactions betwee
spheres are considered@8#. Various theoretical approache
were proposed to investigate these new features: inte
equations@9# and density-functional theory@10# were used to
describe the ferromagnetic fluid phase, and models for a
ciating fluids, treated within mean field approximations, we
used to describe the absence of condensation of DHS an
onset of chain formation at low densities@11–13#.

The simulations of strongly dipolar fluids, at low dens
ties, revealed that the spheres associate into linear chai
structures, that grow or shrink as the dipole moment
creases or decreases. Moreover, it was shown that the c
break up and recombine in the course of equilibrium sim
lation runs@4#, suggesting that the system behaves as a
tem of living polymers. As the spatial and orientation
many-body correlations that describe these aggregates
not be calculated directly during a simulation run, an alt
native description of the structure was proposed in@4,5# and
@1,2#, by defining an~off-lattice! ‘‘living’’ chain based on an
energetic criterium: two spheres belong to a chain if th
interaction energy is lower than a given threshold. For e
equilibrium configuration it is then possible to determine t
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number of chains of a given length and then the equilibri
chain length distribution, the mean chain length, etc.,
calculated easily by performing the appropriate averages

A similar approach was taken by@12# that considers the
low-density DHS fluid as a system of~independent! self-
assembled chains, with a free energy that corresponds to
of an ideal mixture of chains of all lengths. The chains a
formed by dipolar hard spheres with a bonding energy giv
by the minimum of the dipolar pair potential~touching
spheres with dipoles aligned ‘‘head to tail’’!. The mean
chain length was calculated as a function of the density
dipole moment~or temperature! and compared with simula
tion results. The comparison suggested qualitative agreem
for the exponential growth of the mean chain length w
increasing dipole moment~or decreasing temperature!. It was
argued in@12# that the large discrepancies found in som
cases were due to finite size effects of the simulation an
lack of equilibration for systems with the strongest dipo
moments.

In this work we carry out the comparison between the
retical and simulation results in more detail. In Sec. II, w
describe Monte Carlo~MC! simulations of DHS for a system
with 1024 particles and reduced density,r* 50.05. We have
performed longer runs to ensure that equilibrium is reac
even for systems with the strongest dipoles~lowest tempera-
tures!. The definition of a MC chain required in the analys
of the simulation results is discussed in detail. In Sec. III,
apply the theory of living polymers to the DHS fluid, im
prove on some of the results of@12# and compare the theo
retical and simulation results. We make some conclud
remarks in Sec. IV.

II. SIMULATIONS

We consider a system of hard spheres with radiuss and
embedded dipoles of strengthm, interacting through the pai
potential,
4388 ©1999 The American Physical Society
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fDHS5H `, r 12,s

2
m2

r 12
3 @3~m̂1• r̂ 12!~m̂2• r̂ 12!2m̂1•m̂2# r 12>s.

~1!

r 12 is the distance between the centers of spheres,r̂ 12 the unit
interdipolar vector, andm̂1 andm̂2 the unit dipolar vectors of
spheres 1 and 2, respectively. Canonical MC simulations
carried out for a system withN51024 spheres~twice the
largest number used in previous simulations of this mod!,
at fixed reduced densityr* [s3r50.05, for several values
of the reduced dipole moment~or square root of the invers
reduced temperature! defined as

m* 5S m2

kBTs3D 1/2

. ~2!

kB is Boltzmann’s constant andT the absolute temperature
Each MC step consists of the attempt of simultaneou

moving a sphere and rotating its dipole. The maximum d
placement and angles of rotation were chosen to ensur
acceptance ratio of;40%. Systems were equilibrated wit
20 000230 000 MC trials. To accelerate equilibration w
used, when possible, the last equilibrium configuration fo
given dipole momentm* , as the initial configuration for the
simulation with the nextm* . The equilibration process wa
controlled by inspection of the internal energy. To handle
long-range dipolar forces we used the Ewald sum techni
exactly as in@6#, where details can be found. Surface effe
were included through an infinite dielectric constant~sur-
rounding conducting medium, see@6#!, although, at this den
sity, the system is not expected to be polarized and thus
effect is negligible.

The goal of the new simulations is the systematic study
chain formation at low reduced density, as a function of
dipole momentm* . We performed preliminary~short! simu-
lations for values ofm* in the range 1.5–3. These indicate
that self-assembly starts atm* '2 and chains with lengths
similar to that of the simulation box appear often, wh
m* 53. Thus we chosem* 52.25, 2.5, 2.75 to perform
longer simulations to investigate the structural properties
the system. We avoided higher values of the dipole mom
to minimize finite size effects that cannot be neglected w
chains become as long as the linear dimension of the si
lation box. Table I summarizes the details of the simulat
runs. Note the number of MC steps after equilibration tha
much larger than that of earlier works~e.g.,@5#!.

TABLE I. Details of the simulation runs.U is the dipolar inter-
nal energy calculated through the Ewald sum.NEC is the number
of equilibrium configurations stored to analyze the structure.m* ,r*
andN are defined in the text.

m* N r* trial moves/N bU/N NEC

2.25 1024 0.05 172 000 -6.59 344
2.5 1024 0.05 222 500 -10.70 445
2.75 1024 0.05 260 000 -14.38 520
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The dipole-dipole potential~1! has a global minimum
when the dipoles of two spheres at contact are aligned h
to tail. It is expected that, at sufficiently high dipole m
ments, this structure reveals itself, at least locally. Inde
snapshots of equilibrium configurations@4# show that dipolar
spheres self-assemble forming linear structures that m
span the simulation box, indicating that the dipole-dipole p
tential induces strong many-body spatial and angular co
lations, at low density and temperature~large reduced dipole
moment!.

A direct calculation of these many-body correlations
not feasible in a simulation or theoretically. An approxima
approach that is useful both in the analysis of the simulat
results and in the construction of a theoretical description
been used, by advancing the hypothesis~based on the analy
sis of simulation results@4#! that these correlations are de
scribed rather accurately by the size distribution function
an assembly of chains@1,2,4,5,11,12#. The equilibrium struc-
ture of the system is then given in terms of the thermal d
tribution of chain lengths.

In @1,2,4,5# chains were defined as follows. For a give
equilibrium ~MC! configuration, the lowest (E1

i ) and second
lowest (E2

i ) energies of interaction of each particle~i! are
calculated; if both energies are above a certain thresholdEc ,
the particle is a~‘‘free’’ ! monomer. Otherwise the particle i
in a chain, being at one of the ends if onlyE1 is less thanEc .

In @4,5# this procedure was implemented for a set of eq
librium configurations yielding the description of the stru
ture in terms of the thermal distribution of chain lengths. T
mean chain length and the number of ‘‘free’’ monomers a
calculated from the equilibrium distribution. As we will se
these results depend on the threshold energy,Ec . In @4,5# the
threshold was set toEc521.4m* 2, a value suggested by th
analysis of the mean values ofE1

i ,E2
i , and E3

i ~the third
lowest energy of interaction! for several equilibrium configu-
rations. Aggregation into chains occurs if the mean values
E1

i andE2
i are close to each other and much lower than

mean value ofE3
i . Stevens and Grest, however, choseEc5

20.5m* 2 in @1#. The effect of this choice on the structur
parameters of the system~mean chain length, number o
monomers, etc.! was not considered by these authors.

We define the functions,N1(E),N2(E), and N3(E), as
the number of particles with first, second, and third low
energies of interaction in the energy interval@E2dE;E
1dE#. These functions are defined in ]22m* 2;1`@ and
normalized,

N5E
22m* 2

`

Ni~E!dE. ~3!

The number of free monomersNm is the number of particles
with lowest energy of interaction greater thanEc ,

Nm5E
Ec

`

N1~E!dE. ~4!

If r is the total density of spheres, the density of free mo
mers isr15(Nm /N)r. The number of chains (Nch) is half
the number of particles at the end of chains (Nec),Nch
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FIG. 1. FunctionsN1 ,N2 , andN3 for the simulated systems.E* 5E/m* 2. ~a! m* 52.25, ~b! m* 52.5, ~c! m* 52.75.
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5Nec/2. A particle is at the end of a chain if its lowe
energy of interaction~but not its second lowest! is less than
Ec , and thus

Nch5
Nec

2
5

1

2E22m* 2

Ec
@N1~E!2N2~E!#dE. ~5!

Finally the number of monomers in the middle of chainsNmc
is given by

Nmc5E
22m* 2

Ec
N2~E!dE. ~6!

The mean chain lengthN̄ is the ratio of the total number o
particles and chains, including chains of length 1, i.e., f
monomers@4,12#,
e

N̄5
N

Nm1Nch
. ~7!

N1(E),N2(E), andN3(E) were obtained from the simu
lation of systems withm* 52.25, 2.5, and 2.75@Figs. 1~a!–
1~c!# as follows. The interval@22m* 2;0# is divided into 80
subintervals of equal length centered atEk(k51 . . . 80); for
each equilibrium configuration the lowest, second, and th
lowest energies of interaction of each particle were de
mined and histogramsNi(Ek) were calculated and average
over all configurations.

The structure of the fluid is chainlike, if most of the pa
ticles have nearest~all particles except free monomers! and
second nearest~all particles except free monomers and pa
ticles at the end of chains! neighbors with energies close t
22m* 2, which is clearly illustrated in Figs. 1~a!–1~c!. An
increase of the fraction of particles in chains with increas
dipole moment is evident in these figures, where the max
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PRE 59 4391STRONGLY DIPOLAR FLUIDS AT LOW DENSITIES . . .
of N1 andN2 ~corresponding to the lowest energy! increase,
are closer to each other and closer to the absolute minim
of the dipole-dipole potential, asm* increases.

Absence of isotropic clustering is also clear from the p
sition of the absolute maximum ofN3(E), that occurs at a
much higher energy than those ofN1 and N2 . N3 has a
maximum close to20.25m* 2 corresponding to the energy o
a head-to-tail configuration at a distance of 2s, i.e., to the
energy of third neighbors on a chain.

A quantitative description of the chained structure
quires, however, the specification of the threshold ene
Ec . In Fig. 2 we plotN̄ and in Figs. 3~a!–3~c! Nm ,Nch , and
Nmc , as functions ofEc . These were calculated fromN1(E)
andN2(E), Eqs.~4,5,6,7! using a simple numerical integra
tion. One obvious criterium for the choice ofEc , is that
which minimizes the dependence of the structure on
choice. Unfortunately, inspection of Figs. 2 and 3~a!–3~c!

shows thatN̄ and Nmc increase whileNm decreases with
increasingEc and thus there is no suchEc . The number of
chains in the system exhibits a maximum corresponding
N1(E)5N2(E). This is to be expected since all the particl
are free monomers ifEc522m* 2 while all particles are in
chains if a very large number is chosen forEc . Thus the
number of chains increases whenEc , close to22m* 2, in-
creases, and decreases asEc→`, exhibiting one maximum
at an intermediate energy. The choice of this value forEc
corresponds to maximizing the number of chains and ther
no reason why we should do this. Clearly the quantitat
description of the chainlike structure of the DHS fluid d
pends on the choice ofEc , but there appears to be no obv
ous preferred choice. A similar exercise has been carried
using a definition of chain via a distance criterium@4,5#,
which requires the specification of a distancer c . The con-
clusions are similar to those for the energetic criterium.

N3(E), in Figs. 1~a!–1~c!, tends to zero rapidly asE→
22m* 2. In fact, N3(E)50 for energies less thanE'
21.5m* 2. If N3(Ec)Þ0, we may account for branching
since there is at a least one particle with the three low
energies of interaction less thanEc . Our theoretical ap-

FIG. 2. Mean chain length as a function of the threshold ene
Ec for the simulated systems.Ec* 5Ec /m* 2.
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proach assumes that chains are linear and inspection
N1(E),N2(E), andN3(E) indicates that there is a range o
Ec consistent with this hypothesis. In Table I, we list th
number of free monomers and mean chain length calcula
using Eqs.~4,5,7! for different threshold energies,Ec , all of
which are consistent with the neglect of branching. T
structural parameters are more sensitive toEc for stronger
dipole moments.

Given a value ofEc , the equilibrium distribution of chain
lengths is calculated. In Fig. 4~a!–4~c! we plot the distribu-
tions for the three dipole moments and two threshold en
gies: Ec ,Ec521.4m* 2 and Ec521.5m* 2. These figures
are discussed in more detail in the next section where
simulations are compared with theoretical results.

III. THEORY FOR THE DIPOLAR HARD SPHERE FLUID:
COMPARISON WITH SIMULATIONS

The simulations of@4# revealed that the self-assemble
chains, characterizing low density dipolar fluids, break
and recombine during typical equilibrium runs. In livin
polymer systems, monomers react~join a polymer chain or
become free! in dynamical~chemical! equilibrium. Changes
in temperature affect the degree of polymerization and
mean chain length of the distribution. This suggests that
dipolar fluid may be considered as a weakly-interacting m
ture of chains of all lengths@11–13#. In the following para-
graphs we derive the free energy of the ideal mixture
chains~introduced with limited discussion in@11–13#!. Con-
sider a system ofN monomers in volumeV, assembled as
noninteracting chains of lengthi 51 . . .N. If Mi is the num-
ber of chains of lengthi, the partition function is

Z5)
i 51

N qi
Mi

M i !
, ~8!

whereqi is the partition function of a chain withi monomers.
The number of monomers is conserved and thus

N5(
i 51

N

iM i . ~9!

In the thermodynamic limit, the Helmholtz free energy de
sity f can be derived from Eq.~8!, obtaining

b f 5(
i 51

`

r i~ ln r i212 ln q̃i !, ~10!

wherer i5Mi /V and q̃i5qi /V. In this limit, the constraint
~9! becomes

r5(
i 51

`

ir i . ~11!

From Eq. ~10! the chemical potential of speciesi, i.e., of
chains of lengthi, is derived straightforwardly and is foun
to be

bm i5 ln r i2 ln q̃i . ~12!

y
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FIG. 3. Number of free monomersNm number of chainsNch and number of monomers in the middle of chains, as a function of
threshold energy for the simulated systems.Ec* 5Ec /m* 2. ~a! m* 52.25, ~b! m* 52.5, ~c! m* 52.75.
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Chemical equilibrium among chains obtains through a
chemical reaction that conserves the number of monom
such as

i monomers
1 chain withi monomers, ~13!

requiring that the chemical potentials satisfy

m i5 im1 . ~14!

Using Eqs.~12! and~14! the density of a chain of lengthi is

r i5S r1

q̃1
D i

q̃i . ~15!

The explicit calculation of the distribution of chain length
requires an approximation for the partition function of ind
vidual chains. The latter may be written as
y
rs, qi5

1

h3i i !
E dp3iexpS 2b(

k51

3i pk
2

2mD qi
C , ~16!

whereh is Planck’s constant,m the mass of a monomer, an
p3i the set of Cartesian coordinates of the linear moment
the monomers.qi

C is the configurational partition function,

qi
C5E drW1 . . . drW idv1 . . . dv i

3exp@2bf~rW1 , . . . ,rW i ,v1 . . . v i !#, ~17!

with rWk the position vector of a dipolar hard sphere in t
chain andvk the set of angles that describe the orientation
the dipole.f is the sum of the potential~1! between all pairs
of spheres in the chain. Integrating the momenta in Eq.~16!
we find for the partition function of a chain,
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FIG. 4. Number of monomers in chains as a function of chain length~unormalized chain length distribution!. Triangles, simulations with
Ec521.5m* 2; circles, simulations withEc521.4m* 2; asterisks, theoretical results from~22!. ~a! m* 52.25, ~b! m* 52.5, ~c! m* 52.75.
-

i

d
de-
qi5S q1

V D i qi
C

i !
, ~18!

with q15V/l3 andl the de Broglie wavelength of a mono
mer.

We proceed by calculatingqi
C , using an approximate

method that is valid for short-range interactions in the lim
of strong dipoles, i.e., for long chains@12#. We substitute the
dipole-dipole interaction in Eq.~17! by a sum of pair poten-
tials between nearest neighbors and writeqi

C as

qi
C5E drW1 . . . drW idv1 . . . dv i

3expS 2b(
j 51

i 21

fDHS~rW j2rW j 11 ,v j ,v j 11!D . ~19!
t

The integrations in Eq.~19! are carried out using standar
methods in the theory of semiflexible polymers and are
scribed in detail in@12#. The result is

qi
C5Vexp@~ i 21!S0#, ~20!

whereS0 , the free energy of a bond~divided by -kBT), is
given by @14#

S052m* 21 lnS ps3

24m* 6D 2
3

2m* 2
. ~21!

Substituting Eqs.~20! and Eq.~18! in ~15!, we obtain for the
density of chains of lengthi

r i5r1
i exp@~ i 21!S0#

i !
. ~22!
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The distribution functionr i depends on the translational pa
tition function through the factoriali !, which differs from
other works on dipolar chains@11,12,15#, surfactant systems
@16# and living polymers@17#. The translational partition
function of the aggregates is usually neglected~set to 1! and
the inclusion of this factor is not discussed in the literatu
~with the exception of@15#!. If the chains~or, more gener-
ally, the aggregates! are solidlike, then this factor does no
appear in the distribution function since the monomers
distinguishable. The assumption of solid aggregates ma
correct for the simulations of living polymers on a lattic
@17# and for dipolar fluids in strong applied magnetic fiel
@15# ~that induce freezing of the DHSs in columns, aligned
the direction of the field!. However, this assumption does n
seem to be reasonable for the dipolar hard sphere fluid, s
simulations have shown@4# that the spheres diffuse throug
all the chains in the course of equilibrium runs. Thus
have accounted for the internal energy of bonds as in@12#
and added the loss of entropy caused by the indistingu
ability of the monomers. Shorter equilibrium chains are th
expected to self-assemble.

Substituting Eq.~22! in ~11! we obtain for the total den
sity of spheres,

r5r1 exp~r1eS0!. ~23!

The density of monomersr1 , is calculated through this re
lation, for a givenr and m* , and using again Eq.~22! the
equilibrium chain distribution is determined. The mean ch
length N̄ defined as

N̄5

(
i 51

`

ir i

(
i 51

`

r i

5
r

(
i 51

`

r i

, ~24!

is easily calculated from Eqs.~22! and ~23! and is found to
be

N̄5
reS0

exp~r1eS0!21
. ~25!

In Table II we collect the results of the simulations for t

TABLE II. Number of free monomersNm and mean chain

lengthN̄ obtained by simulation for several choices of the thresh
energyEc ~see text!. Theoretical results obtained using Eqs.~23!
and ~24! and the corresponding expressions from@12#.

m* 2.25 2.5 2.75
Nm N̄ Nm N̄ Nm N̄

Simulations
Ec521.4m* 2 410 1.61 155 2.68 50 4.79
Ec521.5m* 2 523 1.41 249 2.08 104 3.23
Ec521.6m* 2 656 1.25 393 1.62 213 2.22
Ec521.7m* 2 800 1.13 591 1.32 407 1.59

Theory
This work 594 1.30 253 1.86 62 2.98
@12# 405 1.59 275 2.93 26 7.3
e

e
be

ce

h-
n

n

number of free monomers and for the mean chain length
three values ofm* and four threshold energies. We have al
included the results from the theory described in this sec
and from that of@12#. These results indicate that reasonab
agreement is found form* 52.25 andm* 52.5 if the thresh-
old energy is,Ec521.5m* 2. For the highest value of the
dipole moment, the choice of thresoldEc521.5m* 2 yields
good agreement for the mean chain length, but agreemen
the number of monomers requiresEc521.4m* 2.

In Figs. 4~a!–4~c! the equilibrium ~unormalized! chain
distribution function obtained from Eq.~22! is compared
with simulation results. Inspection of the figures clea
shows that the theory underestimates the number of l
chains and that this difference becomes more pronounced
the highest values of the dipole moment.

Finally, in order to check quantitatively the effect of th
indistinguishability in Eq.~22!, we compared the results o
Eq. ~25! with those of@12# for the mean chain length~Fig.
5!. We confirmed that the growth of chains with the dipol
strength is much slower within the present theory. Howev
a comparison of theories and simulation for other values
the density and dipole moment@5# ~see Table III! shows that
the inclusion of this factor eliminates the discrepancies,
order of magnitude, for systems with strong dipoles found
previous work@12#. For the lowest density and highest d
pole moment~where the theory is expected to hold@12#! the
present theoretical results are in quantitative agreement
simulation, while the results of@12# differ markedly.

IV. CONCLUSIONS

We have carried out extensive MC simulations of DH
fluids at low density, in order to investigate quantitatively t
structure of the fluid in the regime of chainlike correlation
At present, the only practical way to quantify the many-bo
spatial and orientational correlations that characterize
low density phase of strongly dipolar fluids is through t

d

FIG. 5. Comparison of the theoretical results of this work~25!
~full line! with those of@12# ~dashed line! for the mean chain length

N̄ as a function ofm* , at r* 50.05. The scale is chosen to exhib
the exponential dependence of the result of@12# on m* 2, for high
dipole moments.
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evaluation of the equilibrium distribution of chains that d
scribes~approximately! the structure of the system. The de
nition of chains during MC runs, however, raises some qu
tions that have been discussed in detail.

On the theoretical side we have improved the theory
noninteracting self-assembling dipolar chains proposed
@12# by considering that the monomers are indistinguisha

TABLE III. Mean chain length: comparison of the theoretic
results of this work, those from@12# and the simulations of@5#. r*
is the reduced density andm* the reduced dipole moment, as d
fined in the text.

r* m* N̄ @5# N̄ @12# N̄

0.3 2.0 2.7 1.94 1.36
0.3 2.5 5.2 7.09 2.79
0.3 3.0 16.5 60.0 6.19
0.3 3.5 27.0 966 11.2
0.2 3.5 24.6 789 10.8
0.1 2.0 2.6 1.43 1.16
0.1 2.5 6.7 4.36 2.18
0.1 3.0 24.5 34.8 5.27
0.1 3.5 24.2 558 10.2
0.05 3.5 30.4 395 9.57
0.02 2.0 2.3 1.11 1.04
0.02 3.5 8.4 250 8.75
s-

f
y

e.

We have shown that, for the lowest density and highest
pole moment~where the theory is expected to hold! the
present theoretical results are in quantitative agreement
earlier simulations, while the results of@12# predict chains
that are too long by about one order of magnitude. The
maining differences between the theoretical and simula
results may be traced to an overestimate of the theore
internal energy~owing to the assumption that the long-ran
dipolar interactions may be neglected beyond nearest ne
bors! and/or to a large correction to the leading term ofS0
for short chains. Interactions between chains are expecte
be small at these rather low densities.

We conclude that the chain description is a useful too
characterize the structure of strongly dipolar fluids, at lo
density, and that a simple living polymer theory is capable
describing semiquantitatively the structure of a system
hibiting strongly anisotropic many-body correlations.
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